Abstract In this paper, we give a survey of elliptic Kato classes. Next, we study existence results to some singular elliptic problems, adapted to such Kato classes. We end this paper by giving an asymptotic behavior for the solution of a singular elliptic Dirichlet problem on a bounded domain of R n ðn P 2Þ.
Introduction
This paper is a survey on some Kato classes of functions and some existence results to singular elliptic problems. More precisely, in the first section, we give some properties of the Green function of the Laplace operator D in a regular domain D in R n ðn P 2Þ. In particular, we establish many 3G-inequalities (see Zhao, 1986; Kalton and Verbitsky, 1999; Selmi, 2000; Bachar et al., 2003) . In Section 2, we introduce the classical Kato classes (see Aizenman and Simon, 1982; Zhao, 1993) and the new ones (see Maˆagli and Zribi, 2005; Zeddini, 2003; Bachar et al., 2002; Bachar et al., 2003; Bachar and Maˆagli, 2005) . Next, we give many examples of functions in Kato classes and some properties of these classes. In Section 3, these Kato classes of functions are adapted to study some existence results to singular elliptic problems (see Bachar et al., 2002; Bachar et al., 2003; Bachar and Maˆagli, 2005; Ben Othman et al., 2009; Maˆagli and Zribi, 2001; Maˆagli and Zribi, 2005; Zeddini, 2003) . In the last section, we are interested in the asymptotic behavior of the solution of a singular Dirichlet problem in a regular bounded domain in R n (see Ben Othman et al., 2009; Crandall et al., 1977; Lazer and Mckenna, 1991; Zhang, 2005) .
Green function
Let ðP t Þ t>0 be the Gauss semigroup on ðR n ; BðR n ÞÞ:
Let f; g : S ! ½0; 1, we denote by f % g if there exists a constant c > 0 such that 1 c f 6 g 6 cf. For x 2 D; dðxÞ ¼ dðx; @DÞ denotes the distance from x to the boundary @D. Note that maxða; bÞ % a þ b and minða; bÞ % ab aþb for a; b > 0.
Theorem 2.1 (Zhao (1986) 
If D is an C 1;1 -exterior domain in R n , then we have (see Bachar et al., 2003 )
Remark 2.4. Let c : R n n f0g ! R n n f0g,
Indeed, if c :X ! X is a M€ obius-transformation, then
where
The density of the Gauss semigroup on R n þ is given by pðx; t; yÞ ¼ 1 ð4ptÞ
3G-theorems:
(a) The classical one (Zhao, 1986) . Let D be a C 1;1 -domain in R n ðn P 3Þ Bachar and Maˆagli, 2005) :
ðy; zÞ C 0 is a positive constant depending only on D.
Kato classes

Classical Kato class
Let D be a domain in R n ðn P 2Þ. Aizenman and Simon (1982) introduced a Kato class K n ðDÞ as follows: q 2 BðDÞ is in the Kato class K n ðDÞ if 
(See Bachar et al., 2002; Bachar and Maˆagli, 2005.) Example 3.1
(1) Let D be a C 1;1 -bounded domain. (a) qðxÞ ¼ 1 dðxÞ k ; q 2 KðDÞ () k < 2. If 1 6 k < 2, then q R K n ðDÞ; n P 3. A survey of elliptic Kato classes and some applications for partial differential equations (2) Let D be an C 1;1 -exterior domain in R n ðn P 3Þ. The function x ! 1 ðjxjþ1Þ lÀk dðxÞ
Some properties
Let D be a C 1;1 domain in R n ðn P 3Þ with @D compact or D ¼ R 
We aim to prove that (P) has a unique continuous solution in D.
History of the problem (P) Let X be a C 1;1 -bounded domain in R n ðn P 2Þ and 0 6 a 2 C a loc ðXÞ; g 2 C 1 ð0; 1Þ; g 0 6 0 and gð0 þ Þ ¼ þ1. The existence of a classical solution of the following problem
was studied by many authors. For instance, Crandall et al. (1977) considered the case a 1, Lazer and Mckenna (1991) assume that a dðxÞ k 6 aðxÞ 6 b dðxÞ k ; 0 < k < 2 and gðuÞ ¼ u Àr ðr > 0Þ. Zhang (2005) considered the case 0 6 aðxÞ 6 b dðxÞ k ; k < 2.
These authors showed that (1) has a unique solution u 2 C 2þa ðXÞ \ CðXÞ. In the next Theorem, we generalize their result. We suppose that (H 1 ) u : D Â ð0; þ1Þ ! ½0; þ1Þ is a non-trivial measurable function, continuous and nonincreasing with respect to the second variable. (H 2 ) 8c > 0; uðÁ; cÞ 2 K 1 ðDÞ.
Theorem 4.1. Under ðH 1 Þ and ðH 2 Þ, problem (P) has a unique solution in C 0 ðDÞ.
Idea of the proof: Let k > 0 and consider the following problem
Hence by the Scha¨uder fixed point theorem, ðP k Þ has a unique solution
Next we show that u k 2 CðDÞ and using the complete maximum principle, we obtain 0 6 u l À u k 6 l À k, for 0 < k 6 l. This implies the map k ! u k is nondecreasing on ð0; 1Þ.
Put u ¼ inf k>0 u k ¼ sup k>0 ðu k À kÞ, we deduce that u is a continuous solution of (P). The uniqueness follows by the maximum principle.
2. Let D be a bounded C 1;1 domain in R n ðn P 3Þ and consider the following problem History: The existence of infinitely many singular positive solutions of the problem (Q) has been established, by Zhang and Zhao (1998) for the special nonlinearity fðx; tÞ ¼ pðxÞt l ðl > 1Þ, where the function x ! pðxÞ jxj ðnÀ2ÞðlÀ1Þ 2 K n ðDÞ. This problem was also studied by Kalton and Verbitsky (1999) Then we establish the following (see Maˆagli and Zribi, 2005) . 
Asymptotic behavior
Let D be a C 1;1 -bounded domain in R n ðn P 2Þ. We return to problem
where, This result improves those of Crandall et al. (1977) which they considered the case a 1 and showed that uðxÞ % pðdðxÞÞ. In particular they proved that uðxÞ % dðxÞ 2 cþ1 if gðuÞ ¼ u Àc ; c > 1. Lazer and Mckenna (1991) showed for aðxÞ % dðxÞ k ; 0 < k < 2, that c 1 dðxÞ 2 cþ1 6 uðxÞ 6 c 2 dðxÞ 
